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CHAPTER 21
Multispecies Lottery

Competition:
A Diffusion Analysis

Jeff S. Hatfield and Peter L. Chesson

The lottery model is a stochastic competition model designed for
space-limited communities of sedentary organisms. Examples of
such communities may include coral reef fishes (Chesson & Warner
1981), aquatic sessile organisms (Fagerstrom 1988), and plant com-
munities such as trees in a tropical forest (Leigh 1982; Hatfield et
al., in press). The lottery model, and its properties and behavior,
has been discussed previously (Chesson & Warner 1981; Chesson
1982, 1984, 1991, 1994; Warner & Chesson 1985; Chesson & Huntly
1988). Furthermore, explicit conditions for the coexistence of two
species and the stationary distribution of the two-species model
were determined (in Hatfield & Chesson 1989) using an approxi-
mation with a diffusion process (Karlin & Taylor 1981). However,
a diffusion approximation for the multispecies model (for more
than two species) has not been reported previously, and a stage-
structured version has not been investigated. The stage-structured
lottery model would be more reasonable for communities of long-
lived species in which reeruitment or death rates depend on the age
or stage of the individuals (e.g., trees in a forest). In this chapter,
we present a diffusion approximation for the multispecies lottery
model and also discuss a stage-structured version of this model.

The conditions for coexistence and the stationary distribution of
the lottery model are useful because they indicate whether a given
community tends toward persistence in a variable environment,
and if so, they provide information about the type and magnitude
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of population fluctuations that the competing species experienceg
over time. Furthermore, if the assumptions of the lottery mode]
apply to a given community, then the expected stationary disty;.
bution can be fit to species-abundance data collected in the field tq
yield information and insights about life-history parameters of the
competing species (e.g., Hatfield et al., in press). The multispecies
and stage-structured models are particularly important to study
because these models obviously have broader application than the
two-species model.

1 Multispecies Model

In the multispecies lottery model, the equation for the ith species,
i=1,2,...,k, is given by
i(t) Pi(t)

Pt+1) = [1 - 8&()] P(t) + [Zé(t ]m (1)

where P;(t) is the proportion of space occupied by species i at time
t, Bi(t) is the per capita recruitment rate of species ¢, and &;(¢) is
the adult death rate during the time interval (¢, t+1]. The diffusion
approximation to the multispecies lottery model is determined by
its infinitesimal mean, variance, and covariance coeflicients (Karlin
& Taylor 1981), defined as

pi(p) = lim S E[Py(t + ) — Bi(t)|

e—=0 €
P(t)=p=p1,p2,-.-, Pk, (2)
o} (p )—ggnEE P(t+ - ROF PO =P}, O

0ij(P) = lim E{[Pi(t +€) = Pi(t)]

x [Pi(t+e) - Bt)][PEt)=p}, (4)
where 7,7 =1,2,... ,k and ¢ # j.

To approximate the multispecies lottery model with a diffusion
process, the model must first be rescaled for continuous time. A
description is given elsewhere (Ilatfield 1986; Hatfield & Chesson
1989) and involves replacing P;(t + 1) by P;(¢t + €) in the left-
hand side of equation (1) and letting ¢ approach 0. Furthermore,
the amount of change occurring per time unit must be decreased,
which is accomplished by defining X;(t) = In[3;(t)/d;(t)] and as-
suming that E [X;(t)] = eu; and var [X;(t)] = eo?. In addition, let
cov [X,(8), X;(D)] = By, i # 7, 6u(t) = du expl¥u(t)], E[Ya(t)] =0,
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and cov [Y, (1), X;(t) — X;(t)] = €byi;. Higher-order moments are
assumed to be terms of order o(e).

Employing power-series expansions of e£X+() and e£Yi(*) | substi-
tuting the definitions and assumptions given above into equations
(2), (3), and (4), and letting ¢ approach 0 yields the diffusion co-
efficients for the multispecies lottery model:

i (p) Z i:ipn {Z dypy [ /'Lu)

u

upu
( Z dnpn
’Up’u:
+ (Z dn n) 7»14“4
wPu
i (E: dnPrn 2)

x (07 + 0% — 20,4) }

E dnpn ZZ Ay Pulm

U m

+ Hiim - auim) } 3 (5)

d2p3

2 e 7 o S

a; (p) § § dud PuDlm
(E dnp"2 u m "

X (0'12 - Giu — Oim, + eum) ) (6}

did;p;p;
oi;(p) = S dulmPupm,
)=

X (Oij - Hju - 07m + gum) . (7)

The stationary distribution, 1(p), of the diffusion process repre-
sented by equations (5), (6), and (7) must satisfy the Kolmogorov
forward equation (Keilson 1965),

Z 9 Zaa”éggﬂ_) wEwE)|,  ®

where o;;(p) = 02(p). Solving equation (8) requires the following
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simplifying assumptions: o? = o0%; 8;; = po?, i # j, 0 < |p| < 1;
Ouin = 702, Oije = —70%, u # 4 and Ouim = 0, u # m, u £ i,

m # i. The assumption concerning the variances implies that each
species experiences a similar amount of variation (i.e., environ-
mental fluctuations) in the X;. The assumption concerning the 0;;
means that the correlation between all pairs X; and X is identical,
The assumptions concerning 0., , Gi, and Gy, would result from
a dependence between Y, and X,,, in addition to the independence
of Y, and X; (m # 1). Defining ¢ = o*(1—p) and ¢’ = ¢*(1—p—7),
these assumptions yield

s (P) =d;ps {ﬂi - Z dnl/'npnz dnpn

S d2p? _ dip
(X dupn)?  Xdnpn ||’

ot (p) = divp; [1 +> (> dnpn)2 - %%—} . (10)
nn

> dZp? d;p;
0i;(p) = did;jpip; [(Zdnp )2 - S dnpn

*djpjz dnpn] . (11)

Equation (8) is still too difficult to solve for coefficients (9), (10),
and (11). Keilson (1965) proved that if the process is irrotational—
that is, (0/0p;) 0¢/dp; = (8/0p;) O /Op;—then a unique solution
exists to the inner expression of equation (8):

+¢' (9)

k—1

02;9%2(;—[)3@—#1-(1)>¢(p), i=1,2,...,k.  (12)

For the process determined by (9), (10), and (11), extensive algebra
shows that the process is irrotational if dy = dy = ... = dy = d.
Adding this assumption to (9), (10), and (11) yields the coefficients

i) = dpy [ — 3 b+ (P2 - p)], ()
ai(p) = d*p} (1 +> 0k - 2pi) (14)
ai3(p) = d*¢pip; (Zp% —pi - pj) : (15)

In this case, these equations are identical to those for a diffusion
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process from the SAS-CFF model in population genetics (Gilles-
pie 1980, 1991) and thus the solution, ¥ (p), to (12) is a Dirichlet
distribution:

“(p) = o E (16)

where v; = 2[k(pu; — ) +¢' — dy] Jdpk, i = > pn/k, and ¢ is
the constant of integration, which allows 4(p) to be a probability
density.

The condition for the existence of (16) as a probability density
is that v; > 0, which implies that

d < [¢' — kmax (i — )] /¢ (17)

and

0% > kmax (3 —p:) /[(1 = d)(L ~ p) — 7] (18)

Thus, equations (17) and (18) are the conditions for the coexis-
tence of k species in this community. This does not prove that (17)
and (18) are the conditions for the existence of a stationary distri-
bution; it proves only that (17) and (18) guarantee that (16) is a
probability distribution. However, Seno and Shiga (1984) showed
that v; > 0 is in fact the condition for the existence of the station-
ary distribution and thus the condition for the coexistence of the
k species in this model.

Given that the k competing species are able to coexist, the sta-
tionary distribution provides information about the year-to-year
population fluctuations that these species experience over time.
This statistical distribution can also be used to generate expected
means and variances and to evaluate the stability of the coexistence
by looking at the shape of the distribution. (For a discussion of sta-
bility in population fluctuations for a community of two species,
see Hatfield & Chesson 1989.)

2 Stage-Structured Model

For a stage-structured version of the lottery model, let species i
have A; stages (or ages), and let ;;(t) be the probability that
stage j of species i proceeds to stage j + 1 during the time interval
(t,t+1,i=1,2,... ,k, j=1,2,...,A;. (Note that v;; = 1 for
all ¢ and j yields the age-structured model.) Let G;;(t) be the per
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capita recruitment rate, and let d;;(t) be the death rate for stage j
of species i during the time interval (¢,t+ 1]. Then, the equationg
for the stage-structured lottery model are

Pa(t+1) = [1 =y (D] [1 = da(t)] P (t)

+ Z Z 0:5(t) Piz (1)

y > Bii(£) Py (t) (15
S 52, Bu(® Py (1) )

Pt +1) = [1 = 32 ()] [1 — dia(8)] Pa(?)
+ i (t) [1 — 0u ()] P (2), (20)

Pia,(t+1) =[1 =%, ()] [L = bia, (t)] Pia, (t)
+ Vidi_4 (t) [1 - 6iAi 1 (t)] PivAi—l (t) 3

1 = 1,2,...,k. Unfortunately, the stage-structured version of the
lottery model cannot be investigated with a diffusion approxima-
tion because the rescaled continuous-time model does not appear
to converge to a diffusion process. In this case, computer simu-
lations could be used to provide insight into the behavior of this
model.

The lottery model provides a simple example of species coexis-
tence by a mechanism known as the storage effect (Chesson 1984;
Warner & Chesson 1985). It is one of two general coexistence mech-
anisms that depend on temporal environmental fluctuations (Ches-
son 1994). The storage effect is most likely to occur when the var-
ious individuals in a population differ in their sensitivities to envi-
ronmental factors and competition. Such differences in sensitivity
occur, for example, as a consequence of the distinction between
juveniles and adults in the lottery model and in general scenarios
involving iteroparous organisms (Chesson 1984; Chesson & Huntly
1988). Study of the lottery model has provided important general
information about the operation of the storage effect. Its stage-
structured version may well provide important new understanding
of this general coexistence mechanism.
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