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Abstract 
 
People often contribute to the public good, contradicting the assumption of perfect self-interest in 
traditional economic theory. Models of learning, reciprocity and altruism have been proposed to explain 
this cooperation, but none can explain all quantitative aspects of observed contributions in the public good 
game. Here a new model is described in which players recognize that “other players may be like me”, and 
so assume a correlation between their own contribution and the likely contributions of other players. The 
extent of the correlation is calculated by treating a player’s own conjectured contribution in the same way 
as an observed contribution of another player within a Bayesian model of learning. Although players 
recognize that this correlation is not causal, they nevertheless choose to maximize expected utility 
conditional on their own action rather than standard expected utility. Ignoring causality in this way is 
consistent with the documented psychological phenomenon of “quasi-magical thinking”. This 
mathematical model of quasi-magical thinking generates results in agreement with data that preference 
functions have not been able to explain. 
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1 Introduction 
 

A number of games, such as the Prisoner’s dilemma, have been designed to study the choice between 

cooperation and defection. Here we will primarily consider the public good game, in which intermediate 

choices between complete cooperation and complete defection are both possible and common. The 

prevalence of quantitative intermediate choices means that complex data on human decision-making are 

available. No model is yet able to explain all aspects of these data. 

 

In the public good game, each of n players is given 20 tokens, which can be redeemed for cash. Player j 

chooses a discrete number of tokens 0 ≤ sj ≤ 20 to contribute to a common pool. Total contributions to the 

pool are then multiplied by some factor mn>1, and distributed equally back to all players. Whatever the 

other players do, a player is always better off contributing nothing. The principle of dominance states that 

under such circumstances “rational” players should contribute nothing. In experimental situations, 

however, players consistently contribute around half their available funds to the common pool (Ledyard, 

1995). 

 

A variety of experiments have shown that none of the current explanations for this cooperation is 

satisfactory, as we describe in Section 2. In Section 3, we introduce the concepts behind a novel model 

that can explain the data described in Section 2, and briefly review supporting experiments from other 

contexts. This model is based on maximizing conditional expected utility within a Bayesian learning 

model. In Section 4 we develop the model mathematically for a single round of the public good game. In 

Section 5 we analyze the effects of the parameters in this model, and where possible, compare these 

predicted effects to experimental data. In Section 6, we extend the mathematical model to the case when 

multiple rounds of the game are played. In Section 7, we summarize how the model explains data on 

cooperation that cannot be explained by preference functions, and suggest new experiments to further test 

the model. 
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2 Models of learning, reciprocity and altruism 

 

One possible explanation for observed cooperation is that players do not immediately understand the 

incentives of an artificial game, and need repetition in order to learn. In agreement with the learning 

hypothesis, contributions fall when the game is repeated and players observe the choices made by others 

in previous rounds (Isaac et al., 1985; Kim and Walker, 1984; Ledyard, 1995). Nevertheless, by the final 

round of a repeated game, some contributions are still made. In addition, when players complete ten 

rounds and are only then told that they will start a second set of ten rounds, contributions return to 

relatively high levels not much below those seen in the first round, rather than continuing where they left 

off (Andreoni, 1988; Burlando and Hey, 1997; Croson, 1996; Isaac and Walker, 1988). A similar effect is 

seen when experienced rather than novice players are recruited to start a set of rounds (Isaac et al., 1984). 

Further evidence against the learning hypothesis comes from comparative experiments with 10, 40 or 60 

rounds, in which contributions start from similar levels and decline to similar levels (Isaac et al., 1994). 

Since it is unlikely that subjects playing more rounds learn more slowly, some other explanation must be 

behind cooperation. 

 

These data could be explained by strategic play involving some form of reciprocity. According to this 

hypothesis, it is not common knowledge that all players are playing “rationally”. In this case, free-riding 

may no longer be the best option, as it may encourage other players to free-ride in subsequent rounds 

(Kreps et al., 1982). To test this hypothesis, the game can be played repeatedly in an anonymous 

computer laboratory such that two players rarely or never meet more than once, and have no information 

about the choices a particular player has made in previous rounds. This set-up is known as a “strangers” 

treatment, while a game repeated between the same group of players is known as a “partners” treatment. 
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The strategies hypothesis predicts that no cooperation should occur in the strangers treatment, in contrast 

to the partners treatment. 

 

Andreoni (1988) found that, contrary to the prediction, strangers contribute slightly more than partners 

do, while Brandts and Schram (2001) and Weimann (1994) found that there was no difference. Croson 

(1996) and Keser and van Winden (2000) performed more rigorous statistical analyses, in which different 

rounds from the same pool of players were not treated as independent measurements, and showed that 

partners contributed slightly more. In no case, however, were contributions by strangers close to zero. 

Contributions retained many quantitative traits, such as decline over time and the restart effect. The 

strategies hypothesis can explain some, but by no means all of the observed cooperation. 

 

Another explanation is that some players are genuinely altruistic rather than selfish. Altruism (Becker, 

1974) or “warm glow” effects (Andreoni, 1989) exist when a player’s true utility function is not simply 

equal to the player’s personal monetary reward. Instead, the utility includes a term for the monetary 

reward received by the group as a whole (Becker, 1974) or for the act of contributing (Andreoni, 1989). 

Typically, a player has a “cut-off decision rule” to contribute if the marginal benefit from contributing, 

given by m in our formulation, is greater than some cut-off m′  (Anderson et al., 1998; Palfrey and 

Rosenthal, 1988; Palfrey and Prisbey, 1996). A perfectly self-interested subject has 1=′m . Deviations 

from the decision rule are interpreted as being due to subject confusion and error (Anderson et al., 1998; 

Andreoni, 1995; Palfrey and Prisbrey, 1997; Palfrey and Prisbey, 1996). For example, decline of 

contributions over time is interpreted as a decline in errors in an experiment where the only possible error 

is to contribute too much. 

 

Altruism cannot explain all the quantitative patterns seen in the data, however. For example, players 

frequently split their tokens so as to give some to the public good and to keep some for private 
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consumption. Brandts and Schram (2001) showed that splitting is a robust phenomenon which cannot 

easily be explained by the combination of simple cut-off decision rules and random noise. 

 

Other explanations invoke more complex utility functions. For example, Fischbacher et al. (2001) showed 

that some players are conditionally cooperative, exhibiting a form of non-strategic reciprocity. This 

behavior could be explained by including a term for inequity aversion in players’ utility functions. If such 

considerations of “fairness” favor contributions close to expectations of others’ contributions, this can 

explain why tokens are split. 

 

Other experiments on cooperation remain difficult to explain within a model of complex preference 

functions, however. In the one-shot Prisoner’s dilemma, 3% of subjects cooperate when told their partner 

has defected, 16% cooperate when told their partner has cooperated, and 37% cooperate when they are 

not told their partner’s choice (Shafir and Tversky, 1992). According to a general model of preference 

functions, cooperation of those who are not told of their partner’s choice should be intermediate between 

3% and 16%. The high observed cooperation of 37% and other puzzling data can be explained by the 

model presented below. 

 

3 Outline of conditional expected utility model 

 

We hypothesize that a major force behind contributions to the public good is the reasoning “What if 

everyone else thought like me?”. Even when players understand that there is no causal link between their 

own behavior and that of others, they may still recognize a probabilistic link, and believe that this is 

sufficient reason to contribute. Similar reasoning can be applied to practical situations such as the 

decision to vote in an election (Quattrone and Tversky, 1984). The probability that a single vote will 

affect the result is incredibly low. Nevertheless the reasoning “If I don’t go out and do it, who will?” has 
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some power in motivating people, despite the lack of a causal relationship between one person voting and 

the number of other like-minded people who also vote. 

 

The terms “magical thinking” and the “illusion of control” refer to erroneous beliefs that people can 

influence outcomes through their actions. The term “quasi-magical thinking” describes “cases in which 

people act as if they erroneously believe that their action influences the outcome, even though they do not 

really hold that belief” (Shafir and Tversky, 1992). Quasi-magical thinking can explain the experiment 

mentioned above in which 3% of subjects cooperate in the Prisoner’s dilemma when told their partner has 

defected, 16% cooperate when told their partner has cooperated, and 37% cooperate when they are not 

told their partner’s choice (Shafir and Tversky, 1992). In this case, a player acts as though she believes 

that her cooperation makes her partner more likely to cooperate, even though she knows that this cannot 

be true. Quasi-magical thinking is also supported by a range of other data (Quattrone and Tversky, 1984). 

 

In conventional economic theory, rational players maximize their expected utility function EU as a 

function of their strategy choice s. Expected utility may also depend on a set of perceived probabilities 

p(θ) that the mean level of contribution in the population is equal to θ. In other words, they maximize 

 

EU s( )= p θ( )U s,θ( )dθ∫ . 

 

An alternative idea is to maximize conditional expected utility (CEU) (Jeffrey, 1983). In this case, 

perceived probabilities p(θ | s) vary according to the strategy chosen, whether or not there exists a causal 

link. Players maximize 

 

CEU s( ) = p θ | s( )U s,θ( )dθ∫ .         (1) 
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The axiomatic foundations of CEU differ from the Savage axioms, and have been described by Bolker 

(1967) and Jeffrey (1983). In this paper, we do not consider whether it is a good idea to follow this 

principle, but instead discuss whether the principle can explain the observed behavior of experimental 

subjects in public good games. Players who maximize CEU exhibit quasi-magical thinking, since they 

behave as if all conditional probabilities had a causal basis, even though they sometimes know that none 

exists. 

 

If a player assumes that other players may be like her, then she will assume a positive correlation between 

her own contribution s and the mean contribution θ of the other players. A player maximizing CEU will 

contribute to the public good if she believes this correlation is sufficiently large. In support of such a 

perceived correlation, players who cooperate in the Prisoner’s dilemma are significantly more optimistic 

about the probability that other players will cooperate than players who defect, although it is not clear 

which is the cause and which the effect (Dawes et al., 1977). Further evidence shows that the variation in 

the predictions of subjects who play a round of the Prisoner’s dilemma is greater than the variation in the 

predictions of subjects who merely observe a round, demonstrating that the act of choice can modify a 

player’s expectations (Dawes et al., 1977). 

 

A previous model invoked a non-causal perceived correlation in order to explain cooperation, but the 

extent of the perceived correlation was arbitrary (Orbell and Dawes, 1991). Here we extend this model by 

describing a natural way to calculate conditional probabilities in the public good game. Players enter the 

game with a Bayesian prior distribution corresponding to their expectations of human behavior. When 

behavior is observed, a player’s prior distribution is updated. A weighting function makes recent data 

more significant than data from earlier rounds, to reflect the fact that behavior may change over time. A 

player’s own hypothetical choice of strategy s is treated as an observed data point to calculate the 



 8

conditional probability ( )sp |θ . This updating follows Bayesian principles, and we refer to it as 

“conjectural updating”. 

 

A player’s belief that other players may be like her is often taken to be a flawed mode of reasoning and is 

referred to as the “false consensus effect” (Ross et al., 1977). It has been argued that this reasoning may in 

fact be reasonable in many circumstances, since a player is a member of the same population as all other 

players. According to this argument, a “truly false consensus effect” occurs only when a player treats her 

own contribution differently from an observation of any other player’s contribution (Dawes, 1989, 1990; 

Dawes and Mulford, 1996). In our model of conjectural updating, a player treats her own contribution in 

exactly the same way as she would treat an observation of another player’s contribution, as a piece of data 

to be analyzed like any other. 

 

4 Mathematical Model of Single Round Game 

 

Here we consider a single round of the public good game. Since the model is based on a learning 

mechanism, the interpretation of a single round game is not entirely intuitive. In Section 6, the model will 

be extended to describe a multiple round game by including the possibility of a trend over time and by 

factoring in payoffs for future rounds. This section is best regarded as a slightly simplified model of the 

final round of a set of repeated strangers public good games. A summary of the main parameters of the 

model is given in Table I. The monetary payoff for each player is 

 

( ) ∑
=

+−=
n

k
kjj smss

1

20π where 1/n < m < 1.       (2) 
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Each player has a Bayesian prior distribution corresponding to her estimate p(θ) of the probability that the 

mean contribution of other players is θ. The prior distribution has mean θ̂  and variance σ2. According to 

(1) and (2), the expected payoff is therefore 

 

( ) ( ) ( )( )snmsmsCEU |ˆ1120 θ−+−+=         (3) 

 

A simple estimate of θ is the mean of all contributions that have ever been observed. This leads to a linear 

relationship between s and s|θ̂ , and so it cannot explain why players split their tokens. This estimate is 

also slow to adapt to a changing environment since it gives too much weight to events in the distant past. 

Players are unlikely to expect or to be exposed to a static environment, and so a better estimate would 

discount the past. The size of the optimal discount factor α depends on how fast the environment is 

changing. 

 

Let players assume that the mean contribution θi at round i changes between rounds according to θi+1 = θi 

+ W, where W is drawn from a random distribution with mean 0 and standard deviation of ε. The mean x  

of set of n observed contributions at time i is assumed to be drawn from a distribution with mean θi and 

variance v/n. For conjectural updating, n=1. Equation (4) calculates the optimal weight α to place on the 

old estimate θ̂ , whose uncertainty is 22 εσ +i , relative to the newly observed data point x , whose 

uncertainty is v/n. 
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+
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Equation (4) is a special case of the Kalman filter. A detailed derivation and discussion of (4) in the 

context of animal memory and learning can be found elsewhere (McNamara and Houston, 1987). 

McNamara and Houston (1987) developed Equation (4) to calculate the optimal use of information in a 

changing environment in the special case where v and ε are constant and known. In this case σ 

approaches a steady state, after which time α is constant and the data are weighted exponentially 

according to how long ago they were observed. Note that if a changing environment is not assumed i.e. 

ε=0, then each player’s prior becomes progressively narrower through the rounds i.e. σ → 0 and p(θ | s) 

loses its dependence on s. This has been acknowledged as a weakness of earlier related models (Orbell 

and Dawes, 1991). A changing environment is a reasonable assumption in the public good game, where 

change over time can be clearly observed by the experimentalist. 

 

Based on the steady state solution of (4), a simple model would be for each player j to update her prior for 

θ according to a constant discount factor αj. Exponential discounting is used in many models of learning 

(e.g., Camerer and Ho, 1999). A constant discount factor leads to a linear relationship between a player’s 

own choice s and her estimate s|θ̂ . This model has two major faults: firstly, the extent of the correlation 

between s and s|θ̂  remains highly arbitrary, and secondly, this model cannot explain why players split 

their tokens so as to give only some to the public good while also keeping some for private consumption. 

 

Both of these faults can be addressed by a model in which players estimate v and ε from the data, and then 

use v̂  and ε̂  to estimate θ by following (4). The simplest way to estimate v and ε is for players to assume 

that they are constant over time. Players’ priors for v and ε can be considered equivalent to the 

observation of w data points, where w is a positive real number. In other words, w is the relative weight or 

certainty that a player assigns to her estimates of v and ε, and serves an equivalent role in the model to the 

uncertainty factor σ2 that she assigns to her estimate θ̂ . 
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When only one data point s is considered during conjectural updating, a player cannot independently 

update both v̂ and ε̂ . Instead she holds the ratio 2ˆˆ εv  constant, and updates 2ˆˆ ε+v  according to 

 

( ) ( )
1

ˆˆˆ
|ˆ|ˆ

22
2

+
−++

=+
w

svwssv θεε        (5) 

 

For each hypothetical strategy choice s, a player calculates sv |ˆ  and s|ˆ 2ε  using (5), then uses (4) with 

n=1 to calculate s|θ̂  and then (3) to calculate the CEU of strategy s. This is done for each possible 

strategy, and the strategy giving the highest CEU is played. 

 

Note that a player does not assume that other players follow the same decision rule as herself. Nor does 

she assume a particular set of decision rules or distribution of player types. A player has no information 

on the history of individual players, which could potentially be used to formulate complex expectations 

about the behavior of others. Instead, the player merely keeps track of simple estimates of population 

parameters, namely an estimate θ̂  of the mean level of contribution θ in the population, an estimate v̂  of 

the variance v between contributions within the population, and an estimate ε̂  of the drift ε in the mean 

level of contribution, and assumes that her own choices are indicative of these parameters. 

 

Note that the initial value of ε̂  is based on the expected difference between mean contributions in the first 

and “zeroth” rounds, and should be regarded as a mathematical extrapolation. Note too that the initial 

value of σ2 refers to the variance of the prior for θ in the “zeroth” round. The variance of the prior for θ in 

the first round is given by 2
0

2
0 ε̂σ + . 

 



 12

5 Effect of parameters in single round game 

 

Here we examine how the parameters m, θ̂ , σ, n, ε̂ , v̂  and w affect the level of cooperation chosen by an 

individual, and compare the predictions of the model to experimental observations. 

 

The parameter m represents both the group and the individual return on cooperation, and predicted 

cooperation increases substantially and monotonically with m, as shown in Fig. 1a. This is in agreement 

with a range of data and has been replicated many times (Ledyard, 1995). 

 

In general, contributions are affected by the weight players place on their previous estimate θ̂  relative to 

the weight they place on their conjectured strategy i.e. by the parameter α in (4). Anything that increases 

α in this model should decrease cooperation. Most parameters affect contributions via their effect on α. 

 

For example, cooperation increases monotonically with the uncertainty parameter σ, as shown in Fig. 1a. 

As a player is more certain in her estimate of other players’ behavior, she places a lower relative 

weighting on the additional data point s corresponding to her own conjectured choice. The correlation she 

then expects between her own behavior and that of others is therefore lower, leading her to cooperate less. 

Note that σ2 should not be less than ( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ ++ 2ˆˆ411ˆ2 εnvnv , which is the steady state value of σ2 

after many observations at constant vv ˆ= and εε ˆ=  (McNamara and Houston, 1987). Nor should σ2 be 

too high: for reference as an appropriate upper bound, a flat probability distribution between 0 and 20 has 

σ2 = 33. 

 

Contributions also increase with the ratio v̂ˆ2ε  between drift and noise in the population, as shown in 

Fig. 1b. High drift ε̂  leads a player to discount past observations and put more weight on her own 
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conjectured strategy, leading to more cooperation, while high noise v̂  has the opposite effect. Full 

cooperation is found in the unlikely event that v̂ˆ2 >ε . 

 

The influence of some other parameters is more complicated. From (3), (4) and (5) we see that 

 

( ) ( ) ( )( )( )
( )
( )

( ) ( )1ˆˆ and  
ˆ
11

ˆˆ
ˆ
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σε
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α
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,    (6) 

 

combining the direct contribution of the term θ̂−s  on CEU(s) with the indirect contribution of the term 

( )2θ̂−s  through α. This leads to some interesting predictions of the model. If a player initially estimates 

10ˆ =θ , then by contributing 11 rather than 10 tokens, the increased term ( )2θ̂−s  leads to a small 

increase in α, favoring the choice of 10 tokens, but this effect may be outweighed by the increase in 

θ̂−s , favoring 11 tokens. In contrast, contributing 20 rather than 19 tokens has an equivalent effect on 

the linear term θ̂−s , but a proportionally greater effect on ( )2θ̂−s  and hence on α, leading the player to 

discount her conjectured choice to a greater extent, and reducing the perceived marginal reward for 

cooperation. The balance between the two effects may lie at some intermediate number of tokens. 

Splitting the tokens is in contrast with many other models, and in agreement with the data (Brandts and 

Schram, 2001). 

 

Note that when a player contributes fewer than θ̂  tokens, she decreases θ̂−s  while increasing ( )2θ̂−s  

and α. The fewer tokens she contributes, the more she will discount her choice, and the smaller the 

perceived penalty for defection. Once a player decides to contribute fewer than θ̂  tokens, the best 

strategy is then to contribute none at all. 
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In Fig. 1c we see that cooperation rises with the expected mean level of contribution θ̂  in certain 

parameter ranges. This agrees with the observation from (6) that the effect of θ̂  on relative utility comes 

through the term θ̂−s . Keser and van Winden (2000) found that players in a strangers treatment who 

contributed more than the group average decreased their next contribution, while players who contributed 

less increased it. This in agreement with our model in which a player’s contribution is related in a linear 

fashion to her estimate θ̂ , and so a rise in θ̂  following an observation of higher cooperation will 

generally lead to increased cooperation in the next round. 

 

Once θ̂  is higher than a certain cut-off level, however, complete free-riding is observed, as shown in Fig. 

1c. This corresponds to the point at which s=0 leads to a high enough value of ( )2θ̂−s  for a player to 

discount her own choice to such an extent that U(s=0) > U( θ̂≥s ). It appears that with a high enough 

expectation θ̂  a player becomes sufficiently confident that “the others will contribute anyway, even if I 

don’t” that she no longer perceives that the correlation between her own contribution and that of others is 

large enough to justify contributing. In agreement with this interpretation, the cut-off level is closely 

related to σ. It is also affected to a lesser extent by the values for other parameters, as shown in Fig. 1d. 

The existence of this cut-off can explain the observation that some players make a contribution of zero for 

a while, then one or two high contributions, then revert to zero. 

 

Note from term A in (6) that the effect of large ( )2θ̂−s  on α and hence on reducing a player’s 

contributions is smaller when w is large, and so increasing w leads to increased cooperation, as shown in 

Fig. 1e. This is because the discount factor α for conjectural updating depends on the ratio 

( ) svs |ˆ|ˆ 22 εσ + , as can be seen in (4). Since a player’s hypothetical choice s changes s|ˆ 2ε  and sv |ˆ  by 

an equal factor, according to (5), the effect of s on sv |ˆ  will be proportionally greater than the effect on 



 15

s|ˆ 22 εσ + . For large w, the extent to which large ( )2θ̂−s  increases sv |ˆ , and hence decreases 

contributions, is smaller. 

 

The hypothesis that behavior affects expectations is sometimes put as an alternative to the hypothesis that 

expectations affect behavior (e.g., Dawes et al., 1977). In fact, the correlation between behavior and 

expectations may be due to a combination of both effects. Here we have developed a model based on the 

assumption that behavior affects expectations, and have used this model to derive an effect of prior 

expectations on behavior. 

 

The influence of group size is complicated, as there is more than one legitimate way to hold other 

parameters constant while increasing group size. One way is simply to change the parameter n: this holds 

the marginal per capita return constant (Isaac et al., 1984). The marginal per capita return is defined as the 

ratio of benefits to costs to an individual contributing an additional token to the public good based on (2), 

and is therefore equal to m. The public good benefit provided per player by the contribution of a single 

token is not diluted by the addition of additional players, and so the total amount of public good provided 

increases with the number of players. The maximum possible reward corresponding to full cooperation of 

all players increases with group size in this case, and the level of cooperation predicted by our model also 

increases, as shown in Fig 1f by the difference between the solid and dot-dashed lines. This is consistent 

with experimental data using a partners treatment (Isaac et al., 1994), in contrast to some other models 

(Andreoni, 1989; Cornes and Sandler, 1984). 

 

An alternative is to vary m and n together so that the total amount of public good provided stays constant 

as m varies. This means that when a player contributes a dollar to the public good, the amount that each 

player receives back from that dollar changes, including the amount received back by the contributing 

player herself. This makes altruism “more expensive” for large numbers of players. In this case the 
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contributions decrease slightly with increasing population size, as shown in Fig. 1f by the difference 

between the solid and dashed lines. This is also consistent with experimental data where more cooperation 

was seen with n=4, m=0.75 than with n=10, m=0.3 using a partners treatment (Isaac et al., 1994). In 

contrast, a simple model of altruism (Isaac et al., 1994) and an evolutionary model of learning (Miller and 

Andreoni, 1991) predict no difference. 

 

It has not yet been determined experimentally what factors need to be held constant as n varies for the 

level of contribution to remain constant. One hypothesis is to hold constant the cut-off ( ) ( )( )11 −− nmm  

at which contributing i tokens leads to a payoff greater than that at the complete free-riding equilibrium 

(Isaac et al., 1994). A second hypothesis is that players have a utility function that is a linear combination 

of individual reward and group reward (Ledyard, 1995). In this case contributions should be related to the 

term ( ) ( )11 −− mnm  (Ledyard, 1995). A third hypothesis, based on fairness, suggests that contributions 

should be related to the term 1−mn (Ledyard, 1995). In our system for a single round game, we can see 

from (3) that the cost-benefit ratio of contributing is consistent with the first hypothesis, as can be seen by 

the superimposed graphs in Fig. 1f. 

 

6 Mathematical model of repeated strangers game 

 

When the public good game is repeated under the strangers treatment, contributions decline markedly 

over time. Players are likely to notice this, and to factor it into their calculations. The model can be 

extended accordingly by letting players assume that θi+1 = θi + W, where W has mean δ rather than zero. 

In practice, the decline of contributions over time is fairly linear, so the players’ assumption is reasonable. 

Players have a prior for δ, which we assume for simplicity has the same weight or confidence w that they 

assign to their priors for v and ε. In the repeated game, a player takes into account the expected payoffs 

for all future rounds. The payoff for the next round is given by (3). Since players have not yet decided 
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their contribution for subsequent rounds, they assume that they will achieve the average group payoff i.e. 

the payoff achieved when all the players contribute θ. The total estimated payoff for rounds i+1 through 

to k is therefore given by 

 

( ) ( ) ( ) ( )( )
( )( ){ }{ }sijs

mnnmsmsCEU

iij

k

ij
ji

|ˆ|ˆ,20min,0maxˆ where

ˆ120ˆ1120
2

1

δθθ

θθ

−+=

−++−+−+= ∑
+=

+
     (3b) 

 

Equation (3b) implies that players are “forward looking”. This means that the more rounds left to play, 

the larger the reward a player perceives by increasing θ̂ . On the other hand, the cost of increasing s|θ̂  

through increasing the contribution s is based only on the current round of the game, and so it is constant. 

This can explain why contributions decline over time during the repeated strangers game. In later rounds, 

there are fewer rounds remaining, and so a player has less incentive to cooperate when other factors are 

held constant. This emphasis on the number of rounds remaining might also help explain why the rate of 

decline in contributions depends on the total number of rounds in the game. 

 

For data on the second and subsequent rounds of a repeated strangers game, a player begins by updating 

her estimate δ̂ . δ̂ cannot be updated from information on a single round. The initial estimate δ̂ has 

weight { }nw −,0max , and so updating in round i+1 based on j data points follows 

 

( ) { }( ) ( )
( ) { } jnwni

xjnwni
s iii

ii +−+−
−+−+−

= +
+ ,0max1

ˆˆ,0max1
|ˆor ˆ 1

1
θδ

δδ  

 

Next, (5b) (for conjectural updating) or (5c) (after a full round, first discarding the results of conjectural 

updating) is used instead of (5) to update v̂ and ε̂ . 
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The prior for θi is now updated according to 

 

( ) ( ) 111 1ˆˆˆ
+++ −++= iiii xαδθαθ          (4b) 

 

Equation (4b) is an approximation only, since the variance in the prior for δ has been neglected. Note that 

the expected value of θ in the first round is not the initial value 0θ̂  but 00
ˆˆ δθ + . 

 

To determine the effect of group size, note from (3b) that the cost-benefit ratio of contributing is now 

proportional to 
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This approximates the second hypothesis on group size described in the Section 5 above when δ=0 and 

the number of rounds remaining is large. 

 

Note that further theoretical work is needed on the multiple round game. For example, players following 

the model presented here assume that δ, v and ε are constant and independent of iθ̂ . This assumption is 

perhaps unreasonable as iθ̂  approaches the boundaries of 0 and 20. The mathematical framework put 

forward here is imperfect and needs further development, but the principle of the system is clear. 

 

7 Discussion 

 

Models explaining cooperation in the one-off or strangers public good game can be divided into two 

broad categories. In the first, it is assumed that a player’s true utility is not equal to the player’s monetary 

payoff, but instead includes terms representing emotions such as altruism, warm glow, fairness, spite and 

shame (Bowles and Gintis, 2003). In the second, it is assumed that a player’s beliefs and/or decision-

making process deviate from “true” rationality. An example of this second class of model is to relax the 

assumption of common knowledge of rationality, allowing strategic reciprocity in the partners treatment. 

Many models in the second class assume that players are “confused” and the deviation of their choices 

from the maximization of their utility is modeled as a random error term (Anderson et al., 1998; 

Andreoni, 1995; Palfrey and Prisbrey, 1997; Palfrey and Prisbey, 1996). 

 

A single change to the conventional model of rationality is made in this paper: quasi-magical thinking is 

introduced so that players treat all correlations as though they were causal, even when they know full well 

that causality is absent. The formal simplicity of this change means that abandoning conventional 

rationality does not imply abandoning all systematic analysis. The effects of the change are highly 

systematic and cannot be modeled by a random error term.  
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Players assume that their own conjectured level of cooperation is one more statistic like any other in a 

population from which they can acquire data, and not a special case that should be ignored. In the absence 

of other information, a player will place considerable weight on her own decision when estimating the 

behavior of the population. When she has acquired other data making her more confident in her estimate 

of the population, then she will place less weight on her own conjectural decision, in the same way as she 

would place less weight on any other piece of additional information. We have used Bayesian methods to 

propose a consistent method of assuming that other members of the population might be similar to 

oneself, and have avoided arbitrary correlations. 

 

Philosophers have explored at length the principle of maximizing CEU with reference to a dilemma 

known as Newcomb’s problem (Nozick, 1969). This in itself suggests that maximizing CEU is not so 

clearly irrational as not to cross people’s minds. Genuine responses to Newcomb’s problem, which 

invokes an omniscient being, are not easily accessible experimentally, although other experimental 

evidence strongly suggests that many people exhibit quasi-magical thinking and maximize CEU (Shafir 

and Tversky, 1992). Here we have shown that data on the public good game should show certain 

quantitative trends if players follow the principle of maximizing CEU. The evidence suggests that they 

do. 

 

Could a sufficiently complicated preference function be sufficient to explain observed cooperation, or do 

we need to invoke the principle of maximizing CEU? Here we list four pieces of evidence that a 

complicated preference function cannot explain. Firstly, there is direct evidence that players exhibit quasi-

magical thinking in the Prisoner’s dilemma (Shafir and Tversky, 1992). Secondly, the act of choice is 

known to modify expectations (Dawes et al., 1977). Thirdly, it is not clear how a preference function can 

explain the restart effect or the dependence of the rate of contribution decline on the number of rounds 

remaining in the strangers treatment. Finally, players who are asked to estimate the action of other players 
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before making their own choice contribute less than those who are not asked (Croson, 2000). When a 

player has already stated a single set of beliefs about other players’ actions, she is less likely to modify 

those beliefs in the light of her own conjectural strategy. The act of stating beliefs in advance is likely to 

weaken the extent to which players follow the principle of maximizing CEU, leading to lower 

contributions in agreement with the data. Similarly, players are less likely to maximize CEU in the 

Prisoner’s Dilemma when told that their partner’s choice was made in the past rather than made 

simultaneously or in the future, a condition also likely to weaken quasi-magical thinking (Morris and Sim, 

1998). 

 

Further experimental evidence would still be desirable. For example, one player could be allowed to 

repeatedly play novices rather than other continuing players. This player is exposed to a constant rather 

than changing environment and so her expectations of the population parameters would become both 

accurate and certain over time. In addition, the loss of symmetry may reduce the perceived correlation 

between the experienced player and the novices. The model of CEU predicts that the experienced player’s 

contribution will rapidly drop to zero in this experiment, far more rapidly than in a symmetric game. 

There is no obvious reason why a complicated preference function should predict this behavior. 

 

More complicated experiments are more difficult to interpret within the mathematical framework 

presented here. For the repeated strangers game, more parameters are needed. In addition to allowing δ≠0, 

heterogeneous initial parameters must be assumed for each of the interacting players. Note that player 

heterogeneity is due entirely to heterogeneous priors in this system. Other sources of heterogeneity may 

also be present, for example the presence of genuine free-riders, those with altruistic or “warm-glow” 

preferences, those with preferences for a more equal distribution of payoffs, those who play strategically, 

and of course an element of complete randomness. Yamagishi et al., (1999) found that 11 out of 39 

players agreed that “your own group members would allocate you more if you allocated more to a 

member of your own group” and therefore appeared to exhibit magical thinking. Shafir and Tversky 
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(1992) found that 25% of subjects exhibit behavior clearly indicative of magical or quasi-magical 

thinking in the Prisoner’s dilemma Clearly, the model presented here describes some but not all players in 

a given experiment.  

 

Still more complicated experimental designs include the possibility of strategic reciprocity within a 

partners condition, a threshold effect, heterogeneous payoffs and the opportunity for punishment. Many of 

these more complicated designs, such as the opportunity for punishment, increase levels of cooperation. 

Nevertheless, a substantial level of cooperation persists when these effects are excluded by the 

experimental design. Clearly, the veracity of the model described here is best explored when as many of 

these effects as possible are excluded. The explanation for cooperation given here need not exclude other 

explanations, however, even for a single individual. Strategic reciprocity and fear of punishment are 

clearly significant in other experimental designs. Ultimately, other utility functions can be combined with 

the CEU approach described here, since the two models are not mutually exclusive. 

 

Parameters relating to players’ prior expectations could be experimentally isolated by focusing on 

observers of the repeated strangers game, who would receive a monetary payoff depending on how 

accurately they predict behavior. Data from this set-up could be used to verify or improve the updating 

rule proposed here and to estimate the distribution of initial values of θ̂ , σ, ε̂ , v̂  and w in a population. 

These parameter estimates could then be used to analyze data from the full repeated strangers game. 

 

The framework described here can also provide alternative interpretations for old data. For example, 

allowing players to communicate with one another before they decide their contributions increases 

contributions, even though the discussion is not binding and many players lie about their intentions 

(Dawes et al., 1977). Communication might increase θ̂  and/or decrease v̂ , in addition to or instead of 

acting as a signal of an implied social contract, although this effect may be partly offset by a decrease in 
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σ. In support of this mechanism of increasing cooperation, players who discuss their choices in the 

Prisoner’s dilemma estimate that a higher proportion of players will cooperate than those who do not 

discuss their choices (Dawes et al., 1977). This appears to be a sensible adjustment, since players’ 

estimates of the proportion of players cooperating become more accurate after discussion (Dawes et al., 

1977). 

 

Other puzzling data come from experiments on group identity (Karp et al., 1993; Rabbie et al., 1989). 

Players are divided into two groups based on highly arbitrary criteria such as the alleged tendency to 

underestimate or overestimate dots on a screen or aesthetic preference between the artists Klee and 

Kandinsky. A player chooses how to allocate money between a recipient player of the same group and a 

recipient player of a different group. When the allocating player is potentially a recipient from a member 

of the same group, then she tends to favor members of the same group. When the allocating player is 

potentially a recipient from a member of the other group, then she tends to favor members of the other 

group. When the allocating player is not also a recipient, then no bias is shown. These data are difficult to 

explain in terms of favoritism towards one’s own group, but make sense when considered in terms of the 

model of quasi-magical thinking presented here. 

 

Clearly, the Bayesian learning model as presented here is not an accurate reflection of players’ conscious 

deliberations. Even if a player did reason according to the assumptions of the model given here, she may 

well fail to choose precisely the optimal strategy within that framework due to the difficult computations 

involved. Nevertheless, the Bayesian model may offer an approximation of human decision-making, just 

as conventional rationality is normally only assumed to be an approximation. It is possible that players 

make systematic as well as random errors in Bayesian updating, such as placing too much or too little 

weight on their own choice (Dawes, 1989), and this could be a focus for further research. 
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In summary, we have presented a tractable model of quasi-magical thinking that avoids arbitrary 

correlations. We find that it can explain at least four pieces of data on human cooperation that cannot be 

explained by preference functions, and we propose further experiments to test the model. 
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Figure 1. 

 

Predicted levels of cooperation in the single round public good game given different parameters for the 

rules of the game and for the prior estimates of the player. Parameters not shown as variables in the 

graphs are given by m=0.5, n=4, w=4, θ̂ =8, σ2=8, v̂ =4, ε̂ =1. Parameter choices for m and n are typical 

of experiments reported in the literature, and choice of θ̂  represents an accurate estimate of the true 

value. Behavior was explored for a wide range of values for the less accessible parameters w, σ2, v̂  and 

ε̂ . a. Cooperation increases monotonically with the return of cooperation m and a player’s initial 

uncertainty in others’ behavior σ2. b. High estimated drift 2ε̂  relative to estimated noise v̂  leads a player 

to discount the past and therefore cooperate more. c. Chosen levels of cooperation increase with 

estimated contribution level θ̂  for values of θ̂  below a cut-off. Above this cut-off, complete free-riding 

occurs. d. This cut-off is highly dependent on σ, and also varies slightly with other parameters. e. When 

confidence w in ε̂  and v̂  is low, a player discounts hypothetical strategies which diverge from θ̂  as 

being due to noise, and so contributes less. f. Effect of group size n. When n is varied while m is held 

constant (solid and dot-dashed lines) cooperation increases with increasing n. When n is varied while mn 

is held constant (solid and dashed lines) cooperation decreases slightly with increasing n. 
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Table I: Definition of main parameters 
 
θ mean level of contribution in the population 

iθ̂  a player’s estimate of θ at the end of round i 

si |θ̂  
a player’s estimate of θ at the end of round i, 
revised by conjectural updating based on a 
hypothetical strategy choice s in round i+1 

σ2 variance of a player’s prior for θ 
i.e. a player’s uncertainty in her estimate θ̂  

v variance in contributions between 
players in the population 

δ bias in the drift of the mean contribution 
level between rounds 

ε2 variance in the drift of the mean 
contribution level between rounds 

v̂ , δ̂ , 2ε̂  a player’s estimates of v, δ and ε2 

w a player’s confidence in her estimates v̂ , δ̂ and 
ε̂ , equivalent to prior observation of w data points 

n number of players in a group 

m an individual’s monetary return on contributing 
relative to not contributing for a single round 
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